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Abstract

Similarity-sensitive entropy measures the uncertainty of a probability law relative to a similarity kernel
that encodes the distinguishability of states. We develop the measure-theoretic treatment covering both
finite similarity matrices and general probability spaces, and study how the law and similarity kernel
transform under measurable maps, channels, and conditioning operations. This yields data-processing
inequalities, so a reduction in entropy quantifies how much distinguishability is lost under representation
change. We also define a conditional similarity-sensitive entropy theory, give a counterexample to a recent
conjecture on concavity, and identify a practical one-dimensional Laplace kernel class where concavity
holds.
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Markov kernels, conditional entropy, information gain.

1 Introduction

Many information-theoretic functionals treat distinct states as perfectly distinguishable. In applications,
however, state labels often encode objects—records, strings, phenotypes, signals—for which distinct labels
can be partially redundant. A natural way to model this redundancy is to accompany the state space with
a similarity kernel K that quantifies how interchangeable two states are for the task at hand (e.g. derived
from confusion/utility or from geometry via distance). Given K over a state space with some probability
law, we can calculate an associated entropy.

As background, our work builds on Leinster and Cobbold’s similarity-sensitive diversities and entropies
for finite sets [1]; see also [2, Ch. 4]. Leinster and Roff extended this framework to general measure spaces [3]
focusing on entropy maximization, and for broader diversity background see [4, 5, 6]. We focus on the order-
q = 1 case, which recovers Shannon entropy [7] on a discrete space when distinct states have zero similarity
(cf. Rényi and Tsallis entropies [8, 9]).

Beyond foundations, we primarily develop how this entropy behaves under two operations. Here, we’ll
motivate them.

The first operation we call representation change: one derives from X a new variable on another space,
either deterministically via a measurable map (”coarse-graining”) or randomly via a Markov kernel. If the
change mixes distinct states together, it may lose distinctions that mattered for the original task. In classical
Shannon theory, one pushes the law forward and implicitly "resets” distinctions on the output space to the
identity kernel. Deterministic coarse-graining may then lower entropy, noisy channels may raise or lower it,
and in continuous settings even coordinate changes can alter differential entropy. Once a task kernel K has
been specified in the input space, this no longer appears satisfactory. If the output variable is to represent
the original task, then one should transport not only the probability law but also the task’s similarity
relationships. The resulting output entropy should reflect the task-relevant distinctions that remain after
the transformation; an entropy decrease should correspond to an irreversible loss of distinctions about X
and an increase in distinctions relevant to the original task should be impossible.



In the second operation, which we’ll refer to as inference, one observes Y about a fixed task variable X
with associated similarity kernel K. Here the task itself does not change: the kernel K remains associated
with X, and only the law is updated from px to the posterior law of X | Y. Entropy changes are therefore
interpreted as uncertainty changes about the same task. In Shannon theory, expected entropy decreases
under conditioning by concavity. For similarity-sensitive entropy, concavity of Hx is no longer guaranteed
and depends on the kernel.

Thus we are led to two questions. Under representation change, how should the original task kernel
be moved through the transformation? Under inference, what can we say about the kernels for which
conditioning reduces expected similarity-sensitive entropy?

We provide three main contributions:

e Similarity transport and data processing. In both discrete and continuous settings, we show that
entropy cannot increase under a map or channel if each pair of outputs is at least as similar as the inputs
that produced them. We construct the smallest kernel with this property, which in finite spaces takes
the maximum over compatible input similarities. With an identity kernel on discrete inputs, distinct
outputs of a deterministic map come from disjoint groups of inputs. The output kernel is therefore
also the identity, and our result recovers Shannon’s coarse-graining inequality H(f(X)) < H(X).

e Conditional K-entropy and inference. We define a conditional K-entropy and K-information
gain, recover Shannon conditional quantities for partition kernels, identify a useful one-dimensional
Laplace pullback class where concavity holds, and give a counterexample showing that symmetric
positive definiteness (SPD) plus the multiplicative triangle inequality (MTT) does not imply concavity
in general.

e Measure-theoretic formulation and finite approximation. We give a uniform representation on
([0,1],A) and a kernel/matrix approximation scheme, connecting the measure-theoretic constructions
to finite similarity matrices.

We work on standard Borel measurable spaces. Similarity kernels are measurable on product o-algebras,
symmetric, and [0, 1]-valued with unit diagonal. For a fixed law u, comparisons between kernels on that
space are understood (u ® p)-almost everywhere unless stated pointwise. All entropy quantities considered
below, including averaged conditional entropies, are assumed finite.

2 Similarity-Sensitive Entropy

This section defines similarity-sensitive entropy on general probability spaces, specializes to the finite case,
and provides the partition-kernel and representation ideas used later.

2.1 General kernelled probability spaces

Definition 2.1 (Kernel on a measurable space). Let (2, F) be a measurable space. A similarity kernel on
Q is a map

K:QxQ—]0,1]
such that:
1. K is measurable with respect to F @ F;
2. K(w,w") = K(w,w) for allw,w’;
3. K(w,w) =1 for all w;

Definition 2.2 (The typicality function). Let (Q, F, ) be a probability space and let K be a similarity kernel
on 2. The typicality of w € Q) is its expected similarity to a randomly drawn state W ~ pu:

T(w) = E[K(w,W)] = /QK(w,w') dp(w').



Since 0 < K <1 and u is a probability measure, 7(w) € [0, 1] for all w.

Definition 2.3 (Similarity-sensitive entropy on a probability space). Let (Q, F, u) be a probability space and
let K be a similarity kernel on Q, with typicality function 7. The K-entropy of u is

i) = [ (~log 7)) dute). (2.1)

For a random variable X with law ux, we also write Hi (X) := Hg (ux).
The value of Hg (1) depends only on the distribution of the typicality function 7(w) under w ~ u. In
particular, if K’ > K, then Hg(u) > Hg/(p) because enlarging a kernel increases typicality.

2.2 Discrete similarity-sensitive entropy

Let X be a finite set, and let p, be the probability of x € X. Write p for the vector of these probabilities.
Let K be a similarity matrix: K € [0, 1]°** is symmetric and K, , = 1.

Definition 2.4 (Typicality and discrete K-entropy). For a randomly drawn state X' ~ p, the typicality of
T 1S
T(z) = E[Ky x| = (Kp)y.
Thus the typicality vector is Kp. The discrete K-entropy is
HK(p) = me IOg(Kp)za (2'2)
zeX

and for a random variable X ~ p we write Hx (X) := Hg(p). Terms with p, = 0 contribute zero.

For finite {2 = X with probability vector p, the general typicality is 7(z) = (Kp)., and (2.1) reduces to
(2.2).
If p, > 0, then
0< (Kp)z <1,

since (Kp)y > p, and (Kp), < >, 1-py = 1. Thus Hg(p) is always well-defined in the discrete case.
If K = I, then Hg(p) = H(p) is the Shannon entropy. Also a consequence of (Kp), > p,, we have
Hg(p) < H(p) so any similarity between states with positive probability reduces the entropy.

2.3 Partition kernels and coarse variables

A partition kernel treats states in the same group as identical and states in different groups as mutually
distinct.

Definition 2.5 (Finite-class partition kernel). Let ) be a measurable space. A finite-class partition kernel
assigns similarity 1 to states in the same group and 0 to states in different groups, for a finite partition of
Q into measurable groups. Label the groups 1,...,m, and let w(w) be the group containing w. Then

K(w,w') =1{r(w) = n(w")}.
For a random state X, the associated coarse variable is Z = 7(X), the group containing X .
Proposition 2.6 (Partition kernels recover Shannon entropy). Let K be a finite-class partition kernel with
group map w, and let Z = w(X). Then
where H(Z) is the Shannon entropy of Z.

Proof. Write ¢; := P(Z = j). The typicality of a state in group j is g;, the probability of drawing another
state from that group. Hence, with zero-probability groups contributing zero,

Hg(X) = —qu' logg; = H(Z).



2.4 Relabeling and pullbacks

Definition 2.7 (Isomorphism). An isomorphism between (Q, u, K) and (', u/, K') is a measurable bijection
¢, up to null sets, that preserves the probability law and satisfies

K'(¢(z),¢(z") = K(z,2') wunder the input law p.

Lemma 2.8 (Pullback identity). Let X have law p and set Y = f(X) for a measurable map f. For an
output similarity kernel L, define its pullback by LY (z,2') = L(f(x), f(2")). Then
mor(z) = o(f(2)),  Hps(X) = Hp(Y).

Proof. For a fresh draw X' ~ p, the variable f(X’) has the law of Y. Thus 775 (z) = E[L(f(x), f(X"))] =
71(f(z)). Taking the expected negative log gives the entropy identity. O

Proposition 2.9 (Invariance under isomorphism). Isomorphic spaces with similarity kernels have the same
typicality distribution and hence the same entropy.

Proof. For X ~ u, an isomorphism ¢ satisfies ¢(X) ~ p/. The pullback identity and K = (K')? give the
same distribution for 7k (X) and g/ (¢(X)). O

3 Similarity under representation change

For an invertible relabeling ¥ = f(X), we can transport similarity directly by setting L(y,vy’) =
K(f~Y(y), f~*(%')) and preserve entropy. When several inputs share an output, we need a rule for
combining their similarities. We treat each output as a state in its own right and assign it self-similarity 1.

For distinct outputs, we think of similarity as reflecting shared aspects between the states. An output
inherits aspects of the inputs that could have produced it, so we require each output pair to be at least as
similar as its corresponding input pair. In finite spaces, the smallest such similarity is the maximum over
compatible input pairs.

This rule also gives a data-processing inequality. For an identity input kernel, deterministic coarse-
graining yields an identity output kernel and recovers Shannon’s coarse-graining inequality. We first establish
the inequality, then construct the smallest kernel satisfying the similarity requirement.

3.1 A sufficient condition for data processing

Let X have similarity kernel K and let Y be its new representation. Their joint law specifies which inputs
can produce which outputs, whether Y is a deterministic function of X or comes from a randomized channel.

Theorem 3.1 (Data processing for a joint law). Let (X,Y) and (X', Y') be independent draws from the
joint law. If an output similarity kernel L satisfies

LY, Y") > K(X,X") almost surely, (3.1)

then
Hp(Y) < Hg(X).

Proof. Take conditional expectations in (3.1) given (X,Y). By independence of the two draws,

(V) =E[L(Y,Y") | X,Y] > E[K(X,X') | X,Y] = 7 (X).
Take negative logarithms and average over (X,Y’) to get the inequality. O
Corollary 3.2 (When representation change preserves entropy). Suppose L satisfies (3.1). Then

HL(Y)=Hg(X) <= LY,Y')=K(X,X') almost surely.



Proof. The change in typicality is the conditional average of the nonnegative change in similarity. If similarity
increases with positive probability, so does typicality, and taking negative logs and averaging would give
Hp(Y) < Hg(X). If the similarities agree almost surely, the typicalities agree and the entropies are equal.

O

Corollary 3.2 extends the invariance principle of Proposition 2.9 beyond invertible relabelings. For exam-
ple, replacing X by its group Z under a partition kernel preserves entropy because the group labels determine
all the input similarities.

For a deterministic map Y = f(X), condition (3.1) requires that LY > K under the input law. An
accompanying essay uses the pointwise equality Lf = K as a criterion for choosing features that preserve
task similarities [18].

Here data processing concerns entropy after transporting the similarity kernel. Classical data-processing
inequalities concern quantities such as mutual information [12] and f-divergences [13]. Section 4 gives a
separate data-processing inequality for information gain on a fixed input space.

3.2 The induced output kernel

For each pair of distinct outputs, the induced kernel gives the smallest upper bound on the similarities of
compatible input pairs in the sense of (3.1). Write pxy for the joint law and px|y—, for the conditional law
of the input given y.

Definition 3.3 (Induced output kernel). Set KY*(y,y) = 1. For distinct outputs, define

KYH(y,y) = €ss sup K(z,2).

(atvm/)NlLX\Y=y®le‘y=y/
The induced kernel is defined up to py ® uy -almost everywhere equality.

In finite spaces, the induced similarity of two distinct outputs is the largest input similarity across their
two conditional supports. This applies to deterministic maps and randomized channels alike.

Example 3.4 (Three-state coarse-graining). Take three eq_uqlly spaced states 0,1, 2, each with positive prob-
ability, and halve the similarity at each step, so K;j = 2-11=3l If we merge 0 and 1 into output A and send
2 to output B. The input and output similarity matrices, ordered as (0,1,2) and (A, B), are

1 1L
; Kout: (1 2)'
5 1

The similarity between A and B is max{Koa, K12} = %, the smallest value that bounds both input similarities.

K:

L L I
DN =N =
[ e

Proposition 3.5 (Minimality of the induced output kernel). The induced output kernel K" is measurable
and satisfies (3.1). Every output kernel L satisfying that same condition obeys KY* < L under the output
law py .

Proof. Appendix C establishes measurability and independence of the choice of conditional laws. Use
Bx|y=y ® fix|y—y as the conditional law of the input pair given (Y,Y”) = (y,%’). Condition (3.1) holds
exactly when L(y,y’) bounds K (X, X’) almost surely under this conditional law for almost every output
pair. For distinct outputs, the essential supremum is exactly the smallest such bound. On the diagonal,
every output similarity kernel is required to take the value 1, which also bounds K. O

Since increasing similarities decreases entropy, the induced kernel retains the most entropy among output
kernels satisfying (3.1). Under an isomorphism, each conditional input law is a point at the inverse, so the
induced kernel is the original kernel relabeled. Appendix D gives a condition under which appending a
nuisance variable leaves the induced entropy unchanged.

Figure 1 illustrates the induced kernel and its pullback.
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Figure 1: Given a similarity kernel K : Q x Q — [0, 1] and a measurable map f :  — Y, the induced output
kernel KY* is defined by the fiberwise essential supremum of K (lighter lines indicate smaller similarity).
Pulling KY** back along f yields the back-composed kernel K/# = (KY-#)f on €2, which is constant on fiber
blocks.

3.3 A law independent rule for deterministic maps

The induced kernel depends on the input law. If we istead want to know the output kernel that works for
any input law, we can restrict to deterministic maps and must account for every input pair.

Theorem 3.6 (Law-independent rules for deterministic maps). Given an input similarity kernel K, a
measurable map f, and an output similarity kernel L. The inequality Hy(fyp) < Hik () holds for every
input law p if and only if

L(f(x), f(2") > K(x,2")  for every input pair z,z’.

Proof. The pointwise bound implies (3.1) under every input law, so Theorem 3.1 applies.
Now suppose the entropy inequality holds for every input law. Give two inputs z, z’ with distinct outputs
probability 1/2 each. Their outputs f(z), f(z’) then also have probability 1/2 each. The input and output

entropies are
2

L+ L(f(2), f(«"))

Comparing the denominators, the entropy inequality gives L(f(z), f(z)) > K(x,2’). For inputs with the
same output, the bound follows from the unit diagonal of L. O

Hg (p) = log Hp(fgn) = log

2
1+ K(z,2')’



When the input space has finitely many states, the smallest kernel that works for every law assigns each
pair of attained outputs the maximum similarity over all input pairs that map to them. For a fixed law, the
induced kernel takes the maximum over input pairs of positive probability.

4 Conditional Similarity-Sensitive Entropy and Information Gain

In inference, we observe Y to learn about X. The kernel K tells us which distinctions between values of X
matter. We use the same K to compare the prior entropy of X with its posterior entropy after observing Y,
and may refer to (X, K) as the task variable/kernel to distinguish it from the observed variable Y.

4.1 General conditional K-entropy

Definition 4.1 (Conditional K-entropy of X given Y). Let K be the similarity kernel on the state space of
X. For almost every observation y, set Hx(X | Y =y) = Hx(ix|y=y). Define the conditional K-entropy
by averaging these entropies.

Hp (X |Y) =E[Hk(pxy)l-

Definition 4.2 (K-information gain about X). We define the expected K-information gain about X from
observing Y by
Ix(X;Y) = Hx(X) — Hx(X | Y).

A sufficient condition for Ix(X;Y) > 0 is concavity of u — Hg(u): since py is the py-mixture of
posteriors fx|y—,, the mixture inequality in Lemma A.1 gives Hx (X | Y) < Hg (X). We call this inference
monotonicity (conditioning cannot increase expected K-entropy). Conversely, if 4 — Hg () is not concave, a
two-state mixture construction (realized by a binary Y') can yield a joint law for which Hx (X |Y) > Hg (X).

4.2 Partition kernels as the exact Shannon case

For a finite-class partition kernel, the identity Hg (X) = H(Z) extends to conditional entropy: only the
group containing X matters, even after observing Y.

Proposition 4.3 (Conditional entropy for partition kernels). Assume K is a finite-class partition kernel on
Qx, with associated map 7 and coarse variable Z = w(X). For any joint law of (X,Y),

Hg(X |Y)=H(Z]|Y),
where H(Z |'Y) is the usual Shannon conditional entropy. Consequently,
Ix(X;Y) = 1(Z:;Y) > 0.

Proof. Proposition 2.6 gives Hx (X) = H(Z). Apply the same identity to the conditional law of X given Y
and average over Y to obtain Hx (X |Y) = H(Z |Y), and hence Ix(X;Y) =I1(Z;Y) > 0. O

4.3 Concavity for one-dimensional Laplace pullback kernels
On R, define the Laplace similarity kernel
KLap(s,1) i= exp(—s — 1]).
More generally, given a measurable map g : Qx — R, define the one-dimensional Laplace pullback kernel
K p(w,0") i= Krap(9(w), 9(w")) = exp(~|g(w) — g(w)]).

Theorem 4.4 (Concavity for the Laplace similarity kernel). The functional pn — Hg,, (p) is concave on
probability laws on R satisfying the standing entropy assumption.



Proof idea. On an ordered grid, the inverse Laplace matrix has nonpositive off-diagonal entries and positive
row sums. These signs let us write negative entropy as a sum of convex functions of the typicalities. We
then approximate the laws on common finite grids and use dominated convergence to pass the concavity
inequality to the limit. Details are in Appendix B. O

Corollary 4.5 (Inference for Laplace pullback kernels). If K = Kfap for a measurable feature g, then
Hx(X |Y) < Hg(X) and Ix(X;Y) > 0. IfE[|lg(X)]|] < oo, then both Hx(X) and Hx (X |Y) are finite.

Proof. The pullback identity gives Hx (1) = Hg,,, (g#p). Pushforward commutes with mixtures, so Theo-
rem 4.4 gives concavity and Lemma A.1 applies. For two independent draws S, S’ from any one-dimensional
law, Jensen’s inequality gives H,, (S) < E|S—S'| < 2[E[S|. Apply this bound to g(X) and to its conditional
laws, then average over Y for the latter. O

Corollary 4.6 (Mutual-information data-processing inequality under concavity). Let (Qx,Fx, ux,K) be
a kernelled probability space such that p— Hy(p) is concave on the relevant class of laws. If X =Y — Z
is a Markov chain (i.e. X L Z|Y ), then

Ix(X;Y) > Ix(X; Z).
In particular, this holds for one-dimensional Laplace pullback kernels by Corollary 4.5.
Proof. Since X 1L Z | Y, the posterior p x|z is the py|z—.-mixture fux‘y:y dpry|z==(y). By Lemma A.1
applied within this conditional law,

Hi(X | Z=2) > [ Hie(X|Y =) duriz=(0).

Averaging over z ~ uz gives Hg(X | Z) > Hg(X | Y), hence Ix(X;Y) > Ix(X; Z). O

4.4 Concavity boundaries

Corollary 4.5 gives a useful class where the inference monotonicity holds. For general (“fuzzy”) kernels KX,
however, the Shannon-style inequality

Hpx (X |Y) < Hpex(X)

need not hold. Such nonconcavity can already occur in dimension 3; see [14, Thm. 9].

In contrast, the binary case is known to be concave [15, Thm. 8], hence Hgx(X | Y) < Hgx(X) for all
joint laws. Another reasonable candidate regime is where K is symmetric positive definite and satisfies the
multiplicative triangle inequality K (x,z) > K(z,y)K (y,z). GAIT conjectures concavity in this setting [16,
Conj. 1], but SPD+MTT is not sufficient in general: Appendix E gives an 18-state example, disproving their
Conjecture 1.

5 Representation and Discrete Approximation

We now return to the discrete/continuous relationship. We show that continuous similarity-sensitive entropy
can be understood as a limit of discrete similarity-matrix approximations.

5.1 Uniform representation

Theorem 5.1 (Uniform representation). For a law p on a standard Borel space ), there is a measurable
map v : [0,1] = Q such that Y(U) ~ p when U is uniform on [0,1]. With K¥(u,u’) = K (¥(u),¥(u')), we
have

Hyw (U) = Hi ().
If p is atomless, ¥ may be chosen to be an isomorphism.

Proof. The map 1) exists by the uniform randomization lemma [10, Lem. 2.22, p. 34]. The entropy identity
follows from the pullback identity. In the atomless case the probability spaces are isomorphic modulo null
sets [11, Thm. 9.4.7, p. 283]. O



5.2 Block averages and discrete approximations

This last theorem represents the input law by a uniform draw and puts its similarities on [0, 1], where we
can approximate them by block averages.

Divide [0, 1] into n intervals I; of length 1/n. Each interval represents one state of a uniform law p(™).
Average the kernel over each pair of intervals to obtain

IN{i(;-L) =n? K(u,v)dudv.
IiXIj

Let K™ be the matrix obtained by setting the diagonal of K™ to one.

Theorem 5.2 (Discrete approximations to Hg). For a similarity kernel K on [0,1] with the uniform law
A
Hyeoy(p™) — Hi(N).

Evaluating the same entropy formula on the raw block averages K™ gives the same limit. If the typicality
of K is at least € > 0 almost everywhere, then

1
0 < Hz (™) — Hgem (™) < —.

En

Proof. Write T for the typicality of K under A\. The typicality ¢, of the block-average matrix, read as a
function on [0, 1], is
to(u) = (K™pM), = n/ 7(v) dv, u € ;.
I;
The corresponding typicality s, after setting the diagonal to one satisfies 0 < s,, — ¢t,, < 1/n. By Lebesgue
differentiation, both ¢,, and s, converge to T almost everywhere.
Jensen’s inequality on each interval gives

1
Hy (p(n)) < Hym (p(")) = /0 —logtn(u)du < Hy (N).

Fatou’s lemma applied to — log s,, gives Hx ()\) < liminf,, Hy () (p{™), so both sequences converge to Hg (\).
Under the stated lower bound, t,, > & and log(s, /t,) < ($p — tn)/tn < 1/(en). Integrating gives the stated
bound. -

Together with uniform representation, this shows that entropies on standard Borel spaces can be approx-
imated by entropies of finite uniform laws with similarity matrices.

6 Discussion and Future Directions

6.1 Interpretation and Related Work

Choices of similarity transport. For a fixed joint law, the similarity bound in (3.1) ensures that entropy
cannot increase. Another way to compare two outputs is to average the similarity of independent inputs
drawn from their conditional laws. The resulting typicality is the conditional mean of input typicality, so
Jensen’s inequality also bounds the averaged entropy by the input entropy. The average compares input
distributions and can give a self-similarity below 1. For example, merging two equally likely, distinguishable
inputs into one output gives an average self-similarity of 1/2. The entropy formula then gives log2 for a
constant output, reflecting the variation among inputs behind that output. A similarity kernel on the output
states assigns similarity 1 to each state paired with itself.



Nuisance variables and conditional independence. If an observation is Y = (Yp, N) and the nuisance
coordinate N carries no extra information about X beyond Yp, then under the condition in Corollary D.1
the induced output kernel factors through Yp, and

Hipev (Y) = HKYO,H (YO)

This is worth contrasting with the Shannon regime. On the inference side, Shannon mutual information
already ignores such nuisance coordinates:

I(X;Yo,N) = I(X; Y0).
But plain Shannon output entropy does not:
H(Yy,N) = H(Yo) + H(N | Yo),

so appending irrelevant noise can raise the entropy of the representation even when it adds no extra ability
to distinguish the task states.

Exact and noisy group labels. Let Z = 7w(X) be the group label for a partition kernel K. As a
representation, Z preserves every distinction encoded by K, so Hyz,.(Z) = H(Z) = Hg(X). As an
observation, Z determines the group exactly, so Proposition 4.3 gives Ix(X;Z) = H(Z).

Now suppose Z is a fair coin flip and Y is obtained by flipping it independently with probability e € (0,1),
where € # 1/2. The channel can merge the two groups into either output label. Under the conservative
semantics of the max rule, we count a distinction as preserved only when the output labels guarantee it.
Here the distinction between the groups is lost, so Hyv,.(Y) = 0.

If our goal is to predict X, we use Y as evidence about it. Observing a label still makes one group more
likely, so Ix(X;Y)=1(Z;Y) > 0.

Differential entropy and changing coordinates. Differential entropy can also be put in terms of the
kernel. Let K. be the width-e partition kernel on R,

K. (z,2') :=1{|x/e| = |2’ /e]}.

Then Hg, (X) = h(X) + log(1/e) + o(1); see, e.g., [12]. If Y = g(X) for a smooth bijection g, transporting
this kernel gives

Hy o (Y) = Hi (X).

The transported partition on the Y-space is not uniform: the image of an X-bin of width ¢ has width about
|¢'(z)|e near y = g(x). But if one forgets the transported kernel and instead re-bins Y into width-¢ intervals,
equivalently using the identity kernel on the new bin labels, then the local refinement term changes from
log(1/(]¢’(x)]e)) to log(1/e), adding log|g’(x)|. Averaging over X recovers the usual formula

R(Y) = h(X) +Elog|g' (X)|.

So the Jacobian term comes from resetting the output notion of proximity rather than transporting it from the
original task. In the present framework, relabelings instead carry the kernel with them, and Proposition 2.9
gives the corresponding coordinate-free equality

Hyr(gyp) = Hi ()

whenever g is an isomorphism from (2, u, K) to (€, gap, K').

Approximation, estimation, and finite similarity matrices. The uniform representation theorem
and the step-kernel approximation theorem show how the continuous case is inside the same framework as
the finite similarity-matrix case: continuous K-entropy is obtained as a limit of finite uniform similarity-
matrix approximations of the same kernelled task. One can approximate Hg () by finite matrices without
discretizing the state space X, and one can simplify the task by coarsening K without changing the underlying
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probability law. These are different choices, and keeping them separate avoids making arbitrary coarse-
graining decisions by choice of the state space itself. Unlike coordinate binning for Shannon entropy, or
density-based estimation of differential entropy, the approximation here targets the same similarity-sensitive
quantity throughout.

This also suggests a direct empirical estimator. Given i.i.d. samples wy,...,w, ~ u, define

. _ 1y = Ig~,
Ti = n ;K(wivw_j)v Hpen = _gZIOgTz‘-
J: —

=1

This is the discrete K-entropy of the empirical law. It avoids density estimation and is natural when pairwise
similarities are more informative than coordinates.

Relation to other viewpoints. Relative to classical information theory, the main difference is that the
similarity kernel is treated as part of the probabilistic model itself. This viewpoint is close in spirit to
Blackwell’s ordering of experiments [17]: post-processing should not create useful information about the
state, but one has to say what counts as “useful.” Here that happens through K. It is also close to other
similarity-based entropy constructions, but the role played by the similarity matrix is not always the same.

Bavaud [14] studies the same discrete "reduced entropy” functional p — Hg(p), so the nonconcavity
examples there are directly relevant here. But the effective entropy introduced in that work uses the K as a
confusion matrix rather than as task semantics, and it is not computed directly from the one-shot typicality
profile Kp (or Kpu). We use Bavaud’s examples of concavity failure for the Leinster—Cobbold functional.

GAIT [16, 15] develops symmetric conditional and mutual quantities that equip both variables with
kernels. Our emphasis is different: for inference about a fixed task variable we keep the kernel on X fixed
and think of Y as an observation about X, whereas for representation change we transport semantics to the
output and study induced-kernel entropy there.

6.2 Further Directions

Concavity and conditional inequalities. The concavity landscape is summarized as follows:

o Identity / partition kernels: Hy reduces to Shannon entropy of the coarse variable and is concave
(Proposition 4.3).

e |X| =2: H is concave for every similarity matrix (see [15, Thm. 8]).

e One-dimensional Laplace pullback kernels (K(x,2') = exp(—|g(x) — g(2’)])): Hk is concave on its
domain (Theorem 4.4, Corollary 4.5).

e General fuzzy kernels, |X| > 3: nonconcavity can occur [14, Thm. 9], and SPD+MTT does not prevent
it (Appendix E).

We do not know the minimal |X| for which SPD+MTTI can fail concavity; the appendix gives an 18-state
example, but a smaller counterexample likely exists. An open direction is to identify tractable sufficient
conditions on K that guarantee concavity, or weaker hypotheses ensuring I (X;Y) > 0 for restricted
observation models and input laws.

Scoring rules. When Hg is concave and differentiable, its tangent gives a proper scoring loss [19]. Re-
porting the true law minimizes expected loss, and that minimum is Hg. Updating the report from the prior
to the posterior therefore reduces expected prediction loss by Ik (X;Y) on average. A companion essay
derives the score [20].

Concavity under transport (inference after representation change). A natural question is how
concavity interacts with transport under deterministic maps or channels. Even when the source kernel is a
one-dimensional Laplace pullback, K(w,w’) = exp(—|g(w) — g(w’)]), the induced output kernel may take a
form like KY*(y,y') = exp(—d,(y,y’)) with d, an essential-infimum “fiber distance” between posterior laws
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(or just fibers). In general d,; need not be representable as |g(y) — g(y’)| for a real-valued output feature
g, and the induced kernel need not remain in a concave class. Characterizing maps/channels (or condi-
tions on fibers/posteriors) under which induced kernels preserve concavity, or establishing weaker conditions
guaranteeing I > 0 on the output space, is open.

Design utility In Bayesian optimal experiment design, each design choice a specifies an observation chan-
nel P, (- | t) from a latent task variable T ~ u to data Y,, and hence a posterior law pu(- | ;). Fixing a similar-
ity kernel K7 on T, one can score a by the expected information gain U(a) := Hgr (u) —E[Hgr (u(- | Ya))] =
I (T;Y,). One open problem is to understand when coarse surrogates—e.g. approximating P, or replacing
T by a coarse representation—preserve or approximate the ranking of designs under U(a), and to bound the
resulting error via induced-kernel coarse-graining inequalities.

Proofs and Technical Lemmas

A Concavity and mixtures of posteriors

The entropy domain is closed under finite mixtures. For v = ) . w;v; with positive weights, its typicality
satisfies 7, > w;T,, for each i. Hence Hy (v) <), w; (HK (vi) — log wz)

Lemma A.1 (Concavity under posterior mixtures). If Hg is concave on its domain, then Hg(X) >
ElHk (pxy)]-

Proof. Write p, = pix|y—y and g = pux. Draw Y7, Ys, ... independently with the law of Y. Mix the average
of the first n posteriors with the prior:

1 n
1
Vn = gt oo ;Zl K -

By concavity, EHg (vn) > $Hr (1) + $EHk (nx)y ).

By exchangeability, EHg (v, ) is the average of two expectations of —log7,, (). In one, draw x from
1 independently of the observations. In the other, draw x from py, given Y7, independently of the other
observations. In both cases x has marginal law u. Given z, the typicalities Tuy, (x) for ¢ > 2 are independent
with mean 7,(z), so the law of large numbers gives 7,, () — 7,(x) almost surely. The prior half ensures
Ty, (x) > 7,(x)/2, so —logT,, (x) is bounded by the integrable log2 — log7,(z). Dominated convergence
gives EHg (v,) — Hg (1t). The concavity bound then gives the claim. O

B Laplace concavity

B.1 Ordered grids

Fix ordered grid points z1 < --- < x,, and let K;; = exp(—|z; — z,|). For n = 1 the result is immediate. For
n > 2 let p; = exp(—(z;41 — 2;)) and define the triangular matrix D by

Ui41 — Pils
V107

Since K15 = pifs; for j < 4, the entries of DKDT off the diagonal are zero. Its diagonal entries are
one, so L = K~! = DTD. The off-diagonal entries of L are nonpositive. The first and last row sums are
1/(14 p1) and 1/(1 + pn—1), respectively. Each interior row sum is 1/(1+ p;—1) — p;/(1 + p;) > 0.

For a probability vector p, write ¢ = Kp for its typicalities, which are all positive. Let r; = > j L;; be
the row sums and let w;; = —L;; for ¢ # j. Since p = Lg,

(Du)1 = Ui, (DU)H_l =

Pi =Tiqi + Zwij(%’ = qj)-
j#i

12



Substitute this into —Hg (p) = >, p;log¢; and group the terms for each pair using w;; = wj; to get

_HK Zrz‘ﬁ 1qul + Zwu IOg -

1<J

The first sum is strictly convex in ¢ because tlogt is strictly convex and every r; is positive. The log-sum
inequality gives joint convexity of alog(a/b) for a,b > 0. Thus (a — b)log(a/b) = alog(a/b) + blog(b/a) is
also jointly convex, so the second sum is convex because w;; > 0. Since ¢ = Kp is linear and injective, Hg
is strictly concave on the simplex.

B.2 Extending to probability laws over the line

Let T, clip the real line to [—n,n] and round the result down to the grid of spacing 1/n. Then T, (x) — =.
Clipping can only shorten distances, and rounding moves each point by at most 1/n, so

T () — Tn(a)] < |z — 2’| +2/n.

For any law p, put p, = (T,)%p. The typicality 7, (T, (z)) averages exp(—|T,(z) — T (2')|) over o’ ~
p. By bounded convergence, it tends to 7,(z). The distance bound also gives 7, (T,,(z)) > e~ /"1, ().
Thus —log 7, (T»(x)) is bounded by —log7,(z) + 2. Dominated convergence under p gives Hp, (,un) —
HKLap (/1‘)

The same T,, works for two laws and their mixture. Pushforward preserves the mixture weights, so
applying grid concavity and taking limits proves Theorem 4.4.

C Measurability of the induced output kernel

This appendix records the measurability and disintegration facts used in Proposition 3.5. Fix ¢ € Q N[0, 1]
and A, = {(w,w') € A xQ: K(w,w') > q}. Since y > px|y—y is a probability kernel, a monotone-class
argument from rectangles shows that (y,y') = (tx|y=y ® fix|y =y )(Aq) is Fy ® Fy-measurable. For y # ¢/,

KY*(y,y) = sup ql{(ux|y—y ® fix|y—y)(4q) > 0},
q€QN[0,1]

so KY'# is measurable as a supremum of countably many measurable functions (with diagonal set to 1 by
convention). Any two versions of the conditional law agree on a set of full uy-measure. They give the same
induced kernel on pairs from that set.

D Invariance under nuisance noise

Corollary D.1 (A sufficient condition for nuisance-noise invariance). Let (X,Y) be jointly distributed,
where X takes values in the task space Q) equipped with similarity kernel K and Y = (Yy, N) takes values
inY =Ygy x N. Assume that X and N are conditionally independent given Yy, so that for puy -almost every
(y07 n);
HX|(Yo,N)=(yo,n) = HX|Yo=yo- (D.1)
Assume also that
esssup  K(w,w') =1 for uy,-a.e. yo.
(w,w')

®2
~HX1vo=vo

Then under the output law py,

K ((yo,m), (yg, ') = K" (yo, y)),

where KY* and KYo* are the output kernels induced by (X,Y) and (X,Yy), respectively, from the same
input kernel K. Consequently,

Hievau(py) = Hpevon (Hvy )

13



Proof. Write 7 : Y — Y for the projection 7(yo,n) := yo. Work on the set of full py-measure where (D.1)
holds and the essential supremum within the conditional law at 7(y) is 1. For m(y) # 7(y’), Definition 3.3
gives
KYH(y,y') = K" (r(y), (y"))-
On the diagonal of Yy, if y = 3’ then both sides are 1 by convention, while if y # ¢’ but 7(y) = 7(y’) = o,
the additional hypothesis gives

KV (y,y') = esssup  K(w,w')=1=K""(yo,y0).

®2
(va/)’\‘#x|y0:y0

Hence KY+* = (KYo:#)™ and the entropy identity follows from Lemma 2.8. O

Remark D.2 (Why the extra hypothesis is needed). The extra hypothesis is only needed for pairs of distinct
outputs (yo,n) # (yo,n') with the same value of yo. These pairs are off-diagonal in Yo x N, but they project to
the diagonal of Yo, where the induced kernel is set equal to 1. The condition ensures that the induced kernel
on Yo X N also assigns similarity 1 to such pairs. It can fail, for example, for K(x,z') = ¢+ (1—c¢)1{x = a'},
with 0 < ¢ < 1, when the posterior law of X | Yy = yo is non-atomic. The essential supremum within that
posterior is then c, although every diagonal entry is 1.

Additional Results
E An 18 x 18 SPD+MTI kernel with nonconcave Hg

This appendix gives a similarity matrix K that is symmetric positive definite (SPD) and satisfies the multi-
plicative triangle inequality (MTTI), but for which p — Hg (p) fails concavity on the simplex. This provides
a negative resolution of GAIT Conjecture 1 [16, Conj. 1].

Example E.1 (An 18 x 18 star-shaped kernel). Let m := 17, a := 0.2, and b := 0.045. Index the states by
{0,1,...,m}, with O the center and {1,...,m} the leaves, and define

Ko =1, Koy=Kip=a (i>1), K;;=1, Kij=0b (i #j, i,j > 1).

Equivalently, writing 1 € R™ for the all-ones vector,

1 al®
K= <a1 (1 =), + b11T> '

This matriz satisfies MTI (K, > K;; K, for all i,j,k): the cases with any repeated index or with j a
leaf and i,k both leaves reduce to b > b* (true since b < 1); when the hub is an endpoint (i = 0, j, k leaves
or vice versa) the requirement is a > ab (true); the binding case is distinct leaves i,k with intermediate
j = 0, requiring b > a?; here 0.045 > 0.04. It is also SPD: since 1 —b > 0, the Schur complement is
(1—=0)I,, + (b—a?*)117, whose eigenvalues are 1 —b (multiplicity m — 1) and 1 —b+m(b—a?) = 1.04 > 0.

It is nevertheless not concave in the sense that p — Hg(p) fails concavity on ASg. Consider the one-
parameter family of interior laws

p(t)::(t71m_t,...7H>7 te(0,1).

m
Writing 1o(t) for the typicality of the hub and 11(t) for the (common) typicality of the leaves,

T0(t) =t +a(l —1), T1(t) = at +c(1 —t), €= #

Hence
Hp(p(t)) = —tlogmo(t) — (1 —t)log 71.(),
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Writing f(t) := Hk(p(t)) and abbreviating 79 = 19(t), 7. = 71.(¢),

t(l—a)_’_(l—t)(a—c).

70 7L

f'(t) = —logTo + log s, —

Note the identities 1o — (1 — a)t = a and 7, + (a — ¢)(1 — t) = a (both follow from the definitions). A second
differentiation gives

T0t+a TL +a
') =—(1-0)="5=+(a—0)=5
70 L
Evaluating at t =1 (where 79(1) =1 and 71,(1) = a = 0.2) gives
1 —c)-2 2(a —
)= —(1- @)t @ ;2) - :—(1—a2)+7(“a 23

o _ 1416-0.045 _ 1.72 . _ 172 _ 168
Substituting ¢ = N =55 sothata —c=0.2 — 5% = 532,

2-1.68 96 336 12

"1)==096+ ——F=—""+_-—=— >0,
) 1702 100 340 425

so Hg is not concave on AfSg.

F Typicality Distribution and Partition Kernels

Remark F.1 (Transport equivalence (atomless case)). When u is atomless, the isomorphisms in Theo-
rem 5.1 give uniform representations that differ by a measure-preserving relabeling of [0,1]. For kernels
K1, K5 on (0,1], ) we write Ky ~ Ko if there exists a measure-preserving isomorphism T of ([0, 1], \) such
that

Ko (u,u') = Ky (T (), T ().

We write [K]~ for the transport-equivalence class of a kernel K on ([0,1],\). For uniform representations
obtained by isomorphisms from a fized space, the resulting kernels are transport-equivalent. Also Ky ~ Ky if
and only if ([0,1],\, K1) and ([0,1], A\, K3) are isomorphic.

Corollary F.2 (An obstruction to finite partition equivalence). If a space with a similarity kernel is iso-
morphic to a finite-class partition kernel with group masses aq,...,Q,,, then the law of its typicality is
Z;nzl a;jda;. In particular, a typicality distribution with infinite support rules out such an isomorphism.

Proof. Under a partition kernel, the typicality of a state in group j is «;, and the probability of drawing a
state from that group is «;. Summing the contributions from the groups gives the law above, with equal
masses contributing at the same value. Proposition 2.9 transfers this law across an isomorphism. O
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